We get a uniqueness theorem for a Robin type boundary value problem for the Laplace equation arising in Physical Geodesy in the context of the gravimetric determination of the geoid. The boundary is an oblate ellipsoid of revolution and we have uniqueness of solutions provided that its eccentricity is (approximately) less than 0.526428.
Introduction.
The gravimetric determination of the geoid (a particular equipotential surface of the earth gravity field taken in Geodesy as a reference surface for heights in such a way as to be close to the sea surface) gives rise to a boundary value problem of the form: to find u such that Au = 0 outside S, du dn fiii --2 Hu = f onE, (1.1) where u{x) = c/\x\ + 0(\x\ 3) as x -* oo x=(x1,x2,x3)gE3:^P + P = 1
is an oblate ellipsoid of revolution (a > 6); H is the mean curvature of S; and n is the unit normal to £ pointing to the exterior Ee of £ (see, for example, [5, Section 2.13], [10, §2] , [13] ). Hereafter, by E, e and e we shall denote the linear, the first and the second eccentricity of £, respectively; i.e., E -(a2 -62)1/2, e = E/a e [0,1) and e -E/b e [0, oo). The condition at infinity in (1.1) means that the harmonic function u tends to zero and has no component of degree 1 in its spherical harmonic expansion outside a sphere of large enough radius. Since the dimension of the space spanned by spherical harmonics of degree 1 is 3, then this condition at infinity restricts u to a space of codimension 3. where E/j is a sphere of radius R and du/dr is the radial derivative of u. For this boundary problem the following result is well known: The problem ( Then u = 0. Remark 1.1. The value of eo is given by Eqs. (3.9) and (3.10) in Sec. 3. The calculations that have led to this numerical approximation of eo have been done using MATHEMATICA (see [17] ). Theorem A applies to the earth reference ellipsoid, whose first eccentricity e is ~ 0.08 (see [11] (ii) Estimates for some spherical harmonic components. These estimates are easily deduced from Proposition 3.5. Here we have also followed ideas from [6, §1.3].
Throughout this paper we shall use p and v to respectively denote the radius of curvature of the meridian ellipse and of the normal sections along the parallels of E. Since these are the principal directions at each point of E, then
As a parametrization for E we shall use the more regular in Geodesy (see, for example, [5] )
' x\ = v cos <p cos A,
where A £ (0,2n) is the longitude and <p € (-7t/2, 7t/2) is the geodetic latitude (the angle that at each point makes the normal to E with the equatorial plane £3 = 0). In these coordinates the radii of curvature v and p are given by _ a 07
(1 -e2 sin2 i^)1/2 (1 + £2 cos2 y?)1/2 and <*(! ~e2) a7 n
where 7 = (1 + e2)1/2. Observe that a = v/p = 1 + s2 cos2 <p > 1.
We shall employ the notation 7i(fJ) to denote the space of harmonic functions in an open set 0 c R3. For unbounded fi, TL^dfl) will denote the subset of H(ft) of functions regular at infinity.
A Rellich type inequality. Let u G C^E6).
On E we write Vu = u'nn + u's where u'n = du/dn and u's is the tangential component of Vu.
The main result of this section is the following inequality. Proposition 2.1. Let u e Woo(Ee) n C^E6). Then f u\u's\2 dS < f v\u'n\2 dS -(1 -e2) f |Vu|2 dx.
Je J E JE' Remark 2.2. For harmonic functions in the exterior of oblate ellipsoids of revolution with £ < 1 this proposition gives the inequality (1.5) f v\u's\2 dS < [ is\u'n\2 dS. JZ •/£ For harmonic functions in the interior of a sphere, the inequality f \u'n\2 da < fa \u's\2 da was first proved by M. I. Vishik [14] . For harmonic functions in the exterior of a sphere and regular at infinity, the inequality f \u's\2 da < f \u'n\2 da was given by L. Hormander is the unit sphere.) Remark 2.3. The inequality of Proposition 2.1 is close to those known as Rellich inequalities.
These kind of inequalities play an important role in the layer potential methods for boundary value problems (see [3, Lemma 1.1], for example).
Since -fEe |Vm|2 dx -fE uu'n dS if u € 'H00(Yie) flC1(E ), then we have the following immediate Jt. Jt.
Hereafter by (t, f3, A) we shall denote the system of elliptic coordinates associated to E given by the equations The basic property of / we want to exploit is that its restriction to coincides with the normal vector field i/tnt where vt denotes the radius of curvature of the normal sections along the parallels of £t and nt is a unit outer vector field on
In particular, the restriction of / to E is equal to vn. Since t-1 = r-1 + 0(r~3) as r -» oo, then efx3 = 0(r_1) at infinity. This shows that / -i->0asr->oo.
(Here r2 = Yhix1-) Since u £ W(£e), integration of (2.3) over the domain £e gives
In the next Lemma we evaluate the integral on the left-hand side of (2.5).
Lemma 2.6. Let u e Woo(£e) n C^If). Then, In fact, h ■= f ^2 fint,kTjk dSt. = / Vt{\u'n\2 -\u't\2)dSu Finally, (2.5), Lemma 2.6, and (2.10) give Proposition 2.1.
3. Proof of the main Theorem. Let g : E -* S2 be the Gauss map of E defined as g{x) = nx, where nx is the unit outer normal to E at x G E. Using (1.4) we explicitly have g{u cos v? cos A, 1/ cosip sin A, (1 + £2)~lvsmip) = (cos</?cosA,cos</?sinA,sin(/j). This, of course, is a diffeomorphism and between da on S2 and dS on E we have da = KdS, where K = (vp)~l is the Gaussian curvature of E (for these results see, for example, [2] ). Then, for any integrable function / on E we have
where F is the pull-back fog 1 of / to the unit sphere. In addition, we have the following. Again, we observe that Fu and F3 do not depend on A and they depend on ip only through t2, and as before, using e2 = 72 -1, the functions involved depend on t and 7. Since | cos A|2 dX = | sin A|2 <iA = 7r, then Z{l) := \Fi\2d'^j = jQ (1 -t2)\F12{t,j)\2 dt + t2\F3{t,-y)\2 dt.
With the notation we have just introduced, (3.7) and (3.8) read as follows: ||f/o||2 < W(7)D2, IIE/ill2 < \z{i)D2.
Recalling Remark 3.3, if we apply these estimates in the right-hand side of (3.2), we get a uniqueness theorem for the boundary value problem (1.1) provided that the ellipsoid £ is such that 7 £ [1,31/5) n S Using MATHEMATICA we get (see Fig. 1) [I7 31//s) n<S = [ 1,70) (3) (4) (5) (6) (7) (8) (9) where (approximately) 70 = 1.176166. Since e = y/l -7-2, and the function / : [1,00) -> [0,1) defined as f(x) = Vl -x~2 is a homeomorphism, our main result (Theorem A) has just been proved with eo = V1-^2-(3-10)
